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We study theoretically the propagation of longitudinal wave in weakly compressible elastic media containing
random air bubbles by using a self-consistent method. By inspecting the scattering cross section of an indi-
vidual bubble and estimating the mean free paths of the elastic wave propagating in the bubbly weakly
compressible media, the mode conversion is numerically proved negligible as the longitudinal wave is scat-
tered by the bubbles. On the basis of the bubble dynamic equation, the wave propagation is solved rigorously
with the multiple scattering effects incorporated. In a range of frequency slightly above the bubble resonance
frequency, the acoustic localization in such a class of media is theoretically identified with even a very small
volume fraction of bubbles. We present a method by analyzing the spatial correlation of wave field to identify
the phenomenon of localization, which turns out to be effective. The sensibility of the features of localization
to the structure parameters is numerically investigated. The spatial distribution of acoustic energy is also
studied and the results show that the waves are trapped within a spatial domain adjacent to the source when
localization occurs.
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I. INTRODUCTION

Considerable efforts have been and continue to be de-
voted to the research of the propagation of classical waves in
random media. Under appropriate conditions, a ubiquitous
phenomenon of wave localization may arise from the mul-
tiple scattering of waves in random media. The concept of
localization was first proposed by Anderson about half a cen-
tury ago for the electronic mobility �1�. Later the phenom-
enon of localization has also been reported for microwaves
�2,3� and for light �4,5� in inhomogeneities. Sornette and
Souillard suggested the localization of acoustic waves in
bubbly liquids but gave no detailed result �6�. The sound
wave propagation in bubbly water was investigated theoreti-
cally by Ye et al. using a self-consistent method �7–12�.
Their numerical results confirmed that for a range of fre-
quencies the wave localization can be achieved in bubbly
liquid with even a very small fraction of bubbles. However,
bubbles in liquids are highly flowable and instable, it is thus
inconvenient to confirm experimentally the existence of
acoustic localization in bubbly liquids. In this context, the
question seems to be reasonable: Is acoustic localization a
ubiquituous phenomenon in a bubbly solid with better stabil-
ity? But the answer is generally negative; air bubbles in
usual solids cannot act effectively as strong acoustic scatter-
ers, lacking the resonant characteristic as in liquids. Due to
high value of shear modulus, the bubble oscillation will be
attenuated in a time comparable with its period, which can be
easily seen from the formula for the oscillation frequency of
a bubble in isotropic media �13�.

There exists a class of “weakly compressible” media that
may be called waterlike for which the inequalities ��� are
fulfilled �14,15� e.g., a tissuelike gel or soft rubber. Here �
and � are the Lamé coefficients. Such weakly compressible

media with small shear stiffness is dynamically similar to
liquids to a great extent �16�. The dynamics of an individual
bubble in weakly compressible media has been investigated
by Ostrovsky �14,15�, Zabolotskaya et al. �16�, and Liang et
al. �17�. The bubble oscillation in this class of media is
somewhat special, due to the fact that only if the ratio � /� is
sufficiently large can a bubble behave like an oscillator with
a large quality factor �15�. Indeed, the bubble dynamic equa-
tions for weakly compressible media �14–17� are quite simi-
lar in form to the one for liquids, i.e., the well-known
Rayleigh-Plesset equation. Consequently, we expect the po-
tential occurrence of acoustic localization in weakly com-
pressible media containing air bubbles under appropriate
conditions that may serve as a more effective model for an
experimental verification than bubbly liquids. In the present
paper, the propagation of longitudinal acoustic wave in such
a class of media is investigated, in which the mode conver-
sion is numerically proved negligible. Based on the radial
pulsation equation of a single bubble, the wave propagation
is formulated in terms of a set of self-consistent equations
and then solved rigorously. Theoretical results show that
acoustic localization can be achieved in a range of frequency.
We present a method to identifying the localization effec-
tively by properly analyzing the spatial correlation behaviors
of wave field.

II. THEORY

A. The model

Consider a longitudinal wave in a weakly compressible
medium containing air bubbles with small volume fraction �.
In the present study, the weakly compressible medium is
regarded as elastic, with the purpose of excluding the effects
of absorption that may lead to ambiguity in data interpreta-
tion �9�. We shall restrict our attention to the wave propaga-
tion at low frequencies, i.e., kr0�1. Here k=� /cl and cl

=���+2�� /� are the wave number and the speed of the
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longitudinal wave, respectively, and � is the mass density.
We assume that the wave is emitted from a unit point source
and of angular frequency �. The emission source is assumed
to be at the origin, surrounded by N spherical air bubbles that
are randomly located at ri in a not overlapping way with i
=1,2 , . . . ,N. For simplicity and without loss of generality,
all the bubbles are assumed to be of uniform radius r0 and
randomly distributed within a spatial domain, which is taken
as the spherical shape so as to eliminate irrelevant effects due
to an irregular edge. Then the radius of the spherical bubble
cloud is R= �N /��1/3r0. Here the source is placed inside
rather than outside the bubble cloud, which is the only way
to isolate the localization effect from boundary effects and
unambiguously investigate the problem of whether the trans-
mitted waves can indeed be trapped �10�.

B. Validation of the approximation

As the incident longitudinal wave is scattered by a bubble
in weakly compressible media, the energy converted into
shear wave can be expected negligible, on condition of suf-
ficiently small shear stiffness. Indeed, the scattered shear
wave produced by a single bubble in weakly compressible
media was not taken into account by Ostrovsky �14,15� and
Zabolotskaya �16�. Next we shall present a numerical dem-
onstration of the validation of such an approximation by in-
specting the scattering cross section of a single bubble in
weakly compressible media.

The total scattering cross section � of a single bubble can
be expressed as �=�L+�S, where �L and �S refer to the
contributions of the scattered longitudinal and shear waves,
respectively. Therefore it is conceivable that the ratio �L /�S
actually reflects the extent to which the mode conversion will
occur as the incident longitudinal wave is scattered by the
bubble. The value of �L /�S can be readily obtained from Eq.
�19� in Ref. �18�.

A series of numerical experiments has been performed for
an individual bubble in a variety of media, for the purpose of
investigating how the energy converted into shear wave is
affected as the media of matrix varies. Figure 1 presents the
typical result of the comparison between the ratios �L /�S
versus frequency kr0 for different media of matrix. Three
particular kinds of weakly compressible elastic media are
considered: Agar-gelatin, plastisol, and gelatin. Aluminum is
also considered for comparison. The physical parameters of
these materials are listed in Table I. Note that the physical
parameters of weakly compressible elastic media approxi-
mate to those of water except for different values of shear
moduli, which seems to be natural for such “waterlike” me-
dia.

From Fig. 1, we find: �1� the energy of the scattered shear
wave is extremely small when compared to that of the scat-
tered longitudinal wave, as long as the ratios � /� are suffi-
ciently large. Contrarily the magnitude of the longitudinal
components is nearly the same to the shear components in
the scattered field for � comparable with �. �2� For an indi-
vidual bubble in different weakly compressible media, the
energy converted into shear wave is diminished as the shear
modulus of the medium of matrix decreases, as expected. �3�

Moreover, the ratios �L /�S are greatly enhanced in the prox-
imity of the natural resonance of the individual bubbles, ow-
ing to the giant monopole resonance that is the dominant
mode of bubble pulsation at low frequencies �19�.

Thereby it follows that the energy converted into shear
waves is insignificant as the incident longitudinal wave is
scattered by a bubble in weakly compressible media. The
shear component of the scattered field may thus be expected
to be negligible as the longitudinal wave propagates in a
bubbly weakly compressible medium. It should be stressed,
however, that such an approximation can only be regard
valid under the condition that the propagation of the elastic
waves is not completely diffusive. Otherwise there will be an
entirely contradicting conclusion that the ratio between the
energy of the shear and the longitudinal wave is as large as
2�cl /cs�3 when the wave field is completely diffusive �20,21�.
Here cs=�2� /� is the speed of the shear wave.

Such a seeming paradox may be clarified by estimating
the ratio between the mean free path �MFP� of the wave and
the linear “sample size” R of the random medium. For a
classical wave propagating in a random media, the transport
MFP is defined as the length over which momentum transfer
becomes uncorrelated, while the elastic MFP is the average
distance between two successive scattering events �22�. For
the longitudinal wave, the transport MFP lTl

and the elastic
MFP lEl

are defined as below �23�

TABLE I. The physical parameters of the materials

Materials � �kg/m3� � � � /�

Agar-gelatina 1000 2.25 GPa 6.35 KPa 4	105

plastisolb 1000 2.55 GPa 12.1 KPa 2	105

gelatinc 1000 2.25 GPa 39.0 KPa 5	104

aluminum 2700 111.3 GPa 37.1 GPa 3

aReference �29�.
bReferences �15,30,31�.
cReference �16�.

FIG. 1. The ratio �L /�S versus frequency kr0 for a single bubble
in different materials.
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lTl
=

2r0
3

3� ��0




�fpp����2sin ��1 − cos ��d�	−1

,

lEl
=

2r0
3

3� ��0




�fpp����2sin �d�	−1

,

where the parameter of fpp��� is the scattering amplitude of
the longitudinal wave that can be obtained from Eq. �19� in
Ref. �24�. Similarly, the transport MFP lTs

and the elastic
MFP lEs

of the shear wave can be defined as follows:

lTs
=

2r0
3

3� ��0

2
 �
0




�fss��,�� + f tt��,���2

	sin ��1 − cos ��d�d�	−1

,

lEs
=

2r0
3

3� ��0

2
 �
0




�fss��,�� + f tt��,���2sin �d�d�	−1

,

where the parameters of fss�� ,�� and f tt�� ,�� are the scat-
tering amplitudes of the shear wave that can be obtained
from Eq. �20� in Ref. �25�. It is observable from Refs.
�18,24,25� that the scattering cross sections and the scatter-
ing amplitudes of the elastic wave are described in terms of
the series expansions. Therefore numerical errors are inevi-
table as these series expansions are truncated in the numeri-
cal experiments. It has been proved, however, that it is suf-
ficient to describe the wave by just the first three terms of
these series expansions at the low frequencies �26�.

For an elastic wave, the following inequality has to be
fulfilled to completely attain the diffusive regime �27�

1/k � lTl
� R, 1/ � lTs

� R ,

where =� /cs is the wave number of the shear wave. Oth-
erwise the wave propagation will be predominantly ballistic
as the ratio between the MFP and the sample size is large
�28�.

At low frequencies from kr0=0 to 0.1, a set of numerical
experiments have been carried out to estimate the MFPs of
the elastic waves in various bubbly weakly compressible me-
dia for all the structure parameters employed in the present
study. The typical values of the sample size are roughly R

0.1 m. The numerical calculations indicate that: �1� for the
shear wave in bubbly weakly compressible media, the typical
values of the transport MFP lTs

and the elastic MFP lEs
are

approximately lTs
, lEs


102 m. For any particular set of struc-
ture parameters, both the transport MFP lTs

and the elastic
MFP lEs

are much larger than the sample size, i.e.,
lEs

, lTs
�R. This manifests that the scattering of the low-

frequency shear wave by the bubbles in a weakly compress-
ible medium is weak and, therefore, the propagation of the
shear wave in such a medium is ballistic rather than diffu-
sive. �2� For the longitudinal wave, the relation lEl

, lTl
�R

holds for any particular set of structure parameters, except
for a frequency range within which lTl


0.1 m and the Ioffe-
Regel criterion klTl

�1 is satisfied �23�. As will be explained

later, such a frequency range is in fact the region where the
phenomenon of acoustic localization occurs. This is consis-
tent with the conclusion regarding a bubbly liquid that the
coherent wave dominates the transmission for most frequen-
cies except for the localization region �7�.

As a result, the condition to attain a completely diffusive
wave field cannot be satisfied at low frequencies as the lon-
gitudinal wave propagates in a bubbly weakly compressible
medium. Consequently, the shear component of the scattered
field is unimportant when compared to the longitudinal com-
ponent, and neglect of mode conversion only leads to negli-
gible errors. The results of the numerical experiments indi-
cate that the numerical error caused by neglecting mode
conversion is less than 1% as long as the ratio � /� is
roughly larger than 104. In the following study, we shall
assume the scattered field to be totally longitudinal without
taking mode conversion into consideration.

C. The bubble dynamics

For an individual bubble in weakly compressible elastic
media, the radial pulsation driven by a plane longitudinal
wave is described by a Rayleigh-Plesset-like equation, as
follows �14,15�:

d2U

dt2 + �0
2U −

r0

cl

d3U

dt3 = GU2 + q�2U
d2U

dt2 + �dU

dt
	2� − epinc,

�1�

where U=4
�rin
3 −r0

3� /3 is volume perturbation of an indi-
vidual bubble with rin being the instantaneous radius, pinc
refers to the incident plane wave on the bubble, i.e., the
driving force of the bubble pulsation, �0=��1

2+�2
2 is the

bubble resonance frequency with �1=�4� /�r0
2 and �2

=�3�aca
2 /�r0

2 corresponding to the Meyer-Brendel-Tamm
resonance and the Minnaert bubble resonance, respectively
�32�, the parameters of G, q, and e are given as G= �9
+2��q�0

2 /2, q=1/ �8
r0
3�, e=4
r0 /�. Here � is a coefficient

of asymmetry, which must lie in the range 0���1. For a
spherical bubble �=1. Up to the first order approximation,
one obtains the harmonic solution of Eq. �1�, as follows:

U = −
4
r0

���0
2 − �2 − i�3r0/cl�

pinc. �2�

At low frequencies, the acoustic field produced by acous-
tic radiation from a single bubble is taken to be the diverging
spherical wave �16�

ps�r,t� = ps�r�exp�− i�t�  −
1

4
r

d2

dt2U�t −
r

cl
	 . �3�

We assume that the bubble is the ith bubble located at ri
and express the incident plane wave as

pinc�r,t� = pinc�r�exp�− i�t� . �4�

Substituting Eqs. �2� and �4� in Eq. �3� and discarding the
time factor exp�−i�t�, one obtains the scattered wave at r
from the ith bubble, denoted by ps

i�r�, as follows:
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ps
i�r� = fpinc�ri�G0�r − ri� , �5�

where G0�r−ri�=exp�ik �r−ri � � / �r−ri� is the usual three-
dimensional Green’s function, f is the scattering function of
a single bubble, defined as

f =
r0

��0
2/�2 − 1 − ikr0�

. �6�

Equations �5� and �6� clearly show that the scattered fields
and scattering function of a single bubble in weakly com-
pressible media take an identical form as in liquid media,
except for different expressions of �0 �see Eqs. �3� and �4� in
Ref. �7� and also Eq. �2� in Ref. �11��. Compared with the
resonance frequency of a bubble in liquid media that in-
cludes only the Minnaert contribution �2, an additional term
�1 is present in Eq. �6�, due to the contribution of shear wave
in the solid wall of bubble. In the limiting case � /�→�, the
weakly compressible medium becomes a liquid medium, and
Eq. �6� degenerates to Eq. �4� in Ref. �7� due to the vanishing
of �1. Despite such an agreement of the results in the form,
we have to particularly stress that it is the radial pulsation
equation of a single bubble from which the present theory
begins, rather than the well-studied scattering function of a
bubble employed in Ref. �7�.

D. The self-consistent formalism

Among many useful formalisms suggested for describing
the acoustic scattering by a finite group of random scatterers,
the self-consistent method is proved to be particularly effec-
tive �33�. This method is based on a genuine self-consistent
scheme proposed first by Foldy �34� and reviewed in Ref.
�35�. Later Ye et al. employed the self-consistent method to
investigate the wave propagation in a bubble liquid �7�. In
the method, the multiple scattering of waves is represented
by a set of coupled equations, and the rigorous results can be
obtained by solving the equations. In the present study, the
wave propagation in a bubbly weakly compressible medium
will be solved by using the self-consistent method in an ex-
act manner.

In the presence of bubbles, the radiated wave from the
source is subject to multiple scattering by the surrounding
bubbles. Hence the total acoustic wave at a spatial point r is
supposed to include the contributions from the wave directed
from the source and the scattered waves from all bubbles,
i.e.,

p�r� = p0�r� + �
i=1

N

ps
i�r� . �7�

Analogously, the incident wave upon the ith bubble
should consist of the direct wave from the source and the
scattered waves from all bubbles except for itself, i.e., �35�

pinc�ri� = p0�ri� + �
j=1,j�i

N

ps
j�ri� . �8�

At kr0�1, the dimension of bubbles is very small when
compared to the wavelength, and the plane wave approxima-

tion still stands for the incident wave upon an individual
bubble. In this situation, the dynamics of an individual
bubble can be described by the radial pulsation equation
given by Eq. �1�. Therefore for the ith bubble, according to
Eqs. �5� and �8�, the following self-consistent equation
should be satisfied

ps
i�r� = f�p0�ri� + �

j=1,j�i

N

ps
j�ri��G0�r − ri� . �9�

Upon incidence, each bubble acts effectively as a second-
ary pulsating source. The scattered wave from the ith bubble
is regarded as the radiated wave and is rewritten as �11�

ps
i�r� = AiG0�r − ri� , �10�

where the complex coefficient Ai refers to the effective
strength of the secondary source. Substitution of Eq. �10� in
Eq. �8� yields

Ai = f�p0�ri� + �
j=1,j�i

N

AjG0�r j − ri�� . �11�

By setting r in Eq. �10� to any bubble other than the ith,
this equation becomes a set of closed self-consistent equa-
tions which can be expressed as

A = fP + CA, �12�

where A= �A1 ,A2 , . . . ,AN�T, P= �p0�r1� , p0�r2� , . . . , p0�rN��T,
C is an N	N matrix, defined as

C = �C11 ¯ C1N

� � �
CN1 ¯ CNN

� ,

where Cij = �1−�ij�fG0�r j −ri� with �ij being the Kronecker
symbol. It is apparent that C is symmetric according to the
principle of reciprocity. One may readily obtain from Eq.
�12�

A = f�1 − C�−1P . �13�

For an arbitrary configuration of the bubble distribution,
the acoustic field in any spatial point may thus be solved
exactly from Eqs. �7�, �10�, and �13�. It is obvious that the
multiple scattering effects have been incorporated during the
computation �7�.

E. The spatial correlation function

With the purpose of identifying efficiently the phenom-
enon of localization, we consider the spatial correlation that
physically describes the interaction between the wave fields
at different spatial points. For an arbitrary spatial point r, the
wave field is normalized as T�r�= p�r� / p0�r� to eliminate the
uninteresting geometrical spreading factor. Here r= �r� is the
distance from the source point to the spatial point, p�r� refers
to the acoustic pressure averaged over the sphere of radius r,
and p0�r�=exp�ikr� /r refers to the propagating wave radiated
from the source in the absence of bubbles.

Consider the interaction between the two spatial points r
+r� /2 and r−r� /2, as shown in Fig. 2. The spatial correla-
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tion is defined as the average over the sphere � that is lo-
cated at r and of radius � /2. Here �= �r�� is the distance
between r+r� /2 and r−r� /2. Note that the normalized wave
field T�r� is axially symmetric about r and depends only on
�. The average can thus be accomplished by performing the
integration with respect to �. Then the spatial correlation
function is expressed as follows:

g�r + r�/2,r − r�/2�

=

�
0




2
�T��r + r�/2��T*��r − r�/2��� · ��/2�2sin � d �

4
��/2�2

=
1

2
�

0




�T��r + r�/2��T*��r − r�/2���sin �d� , �14�

where �r±r� /2 � =�r2+�2 /4±�r cos �, and �·� refers to the
ensemble average carried over random configuration of
bubble clouds.

It is apparent that the preceding definition of the spatial
correlation function refers to the average interaction between
the wave fields at every pair of spatial points for which the
distance is � and the center of symmetry locates at r. By
using Eq. �14� and taking the ensemble average over the
whole bubble cloud, then, we define the total correlation
function that is a function of the distance � so as to describe
the overall correlation characteristics of the wave field. In
respect that the normalized wave field T�r� is symmetric
about the origin, the total correlation function can be ob-
tained by merely performing the integration with respect to r,
given as below

C��� =

�
0

R

4
r2g�r + r�/2,r − r�/2�dr

�
0

R

4
r2g�r,r�dr

. �15�

III. THE NUMERICAL RESULTS

A set of numerical experiments has been carried out for
various bubble radii, numbers, and volume fractions. Figure
3 presents the typical results of the total transmission and the
total backscattering versus frequency kr0 for bubbly gelatin
with the parameters N=200, r0=1 mm, and �=10−3, respec-

tively. The total transmission is defined as I= ��T�2�, and the
received point is located at the distance r=2R from the
source. The total backscattering is defined as ���i

Nps
i�0��2�,

referring to the signal received at the transmitting source. In
the numerical experiments, the results are obtained at a series
of discrete frequency points. The total number of the discrete
frequency points in the spectral domain is 500.

It is clearly suggested in Fig. 3�a� that there is a region of
frequency slightly above the bubble resonance frequency,
i.e., approximately between kr0=0.017 and 0.077 in this par-
ticular case, in which the transmission is virtually forbidden.
Within this frequency range, the Ioffe-Regel criterion is sat-
isfied and a maximal decrease of the diffusion coefficient D
roughly by a factor of 105 is observed and D can thus be
considered having a tendency to vanish, i.e., D→0. Here the
diffusion coefficient is defined �36� as D=vtlTl

/3 with vt be-
ing the transport velocity that may be estimated by using an
effective medium method �17�. Indeed, this is the range that
suggests the acoustic localization where the waves are con-
sidered trapped �7�, confirming the conjectured existence of
the phenomenon of localization in such a class of media.
Outside this region, wave propagation remains extended. For
the backscattering situation, the result shows that the back-

FIG. 2. Geometry for spatial correlation function of wave fields
at r+r� /2 and r−r� /2.

FIG. 3. The total transmission �a� and the total backscattering
�b� versus frequency kr0 for bubbly gelatin.
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scattering signal persists for all the frequencies, and an en-
hancement of backscattering occurs particularly in the local-
ization region. As has been suggested by Ye et al. �11�,
however, the backscattering enhancement that appears as
long as there is multiple scattering cannot act as a direct
indicator of the phenomenon of localization. In the following
we shall thus focus our attention on the transmission that
helps us to identify the localization regions, rather than the
backscattering of the propagating wave.

Since the sample size is finite, the transmission is not
completely diminished in the localization region, as expected
�7�. In this particular case, there exists a narrow dip within
the localization region between kr0=0.017 and 0.024, here-
after termed severe localization region, in which the most
severe localization occurs. The waves are moderately local-
ized between kr0=0.024 and 0.077, termed moderate local-
ization region, due to the fact that the finite size of sample
still enables waves in this region to leak out �10�. We find
from Fig. 3 that for such systems of internal resonances, the
waves are not localized exactly at the internal resonance,
rather at parameters slightly different from the resonance.
This indicates that mere resonance does not promise local-
ization, supporting the assertion of Rusek et al. �5� and Al-
varez et al. �12�. In fact, the acoustic localization in such
systems is attributed to a collective behavior of bubbles
�8,9�.

To identify the phenomenon of localization by inspecting
the correlation characteristics of the wave field in bubbly
weakly compressible media, the total correlation functions
are numerically studied for various frequencies and bubble
parameters. Figure 4 illustrates the typical result of the com-
parison between the total correlation functions for bubbly

gelatin at three particular frequencies chosen as below,
within, and above the localization region: kr0=0.012, 0.018,
and 0.1, referring to Fig. 3. Here the parameters of bubbles
are identical with those used in Fig. 3. Observation of Fig. 4
clearly reveals that the total correlation decays rapidly along
the distance � in the case of kr0=0.018, while the decrease of
correlation with the increase of � is very slow in the cases of
kr0=0.012 and kr0=0.1. Such spatial correlation behaviors
may be understood by considering the coherent and the dif-
fusive portions of the transmission. Here the coherent portion
is defined as IC= ��T��2, and the diffusive portion is ID= I
− IC. Figure 5 plots the total transmission and the coherent
portion versus frequency kr0 for bubbly gelatin with the pa-
rameters used in Fig. 4. It is obvious that the coherent por-
tion dominates the transmission for most frequencies, while
the diffusive portion dominates within the localization re-
gion. This is in good agreement with the conclusion drawn
by Ye et al. for bubbly liquids �cf. see Fig. 1 in Ref. �7� and
also Fig. 1 in Ref. �8��. As a result, there exist strong corre-
lations between pairs of field points even for a considerable
large distance within the non-localized region where the
wave propagation is predominantly coherent. Contrarily,
within the localization region almost all the waves are
trapped inside a spatial domain and the fluctuation of wave
field at a spatial point fails in interacting effectively with any
other point far from it. These results suggest that proper
analysis of the spatial correlation behaviors may serve for a
way that helps discern the phenomenon of localization in a
unique manner.

On the basis of appropriate analysis of the spatial corre-
lation behaviors of the wave field, we have presented a
method that suffices for the purpose of effectively identifying
the localization phenomenon in bubbly weakly compressible
media. In the following, however, the study of the localiza-
tion phenomenon will be performed by examining the total
transmission of the transmitting wave in order to obtain an
overall physical picture. From the scattering function f of an
individual bubble given by Eq. �6�, we note that f is almost

FIG. 4. The total correlation versus distance � for bubbly gelatin
at three particular frequencies chosen as below, within, and above
the localization region, respectively.

FIG. 5. The total transmission and the coherent portion versus
frequency kr0 for bubbly gelatin.
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identical as the medium of matrix varies while keeping the
bubble parameters constant, except that the bubble resonance
frequencies �0 differ from each other owing to different val-
ues of shear moduli. Therefore it can be expected that acous-
tic localization should be a ubiquitous phenomenon in bub-
bly weakly compressible elastic media. Figure 6 shows the
total transmissions versus frequency kr0 for three different
kinds of bubbly weakly compressible media: Agar-gelatin,
plastisol, and gelatin. Here the parameters of bubbles are the
same as in Fig. 3. Observation of Fig. 6 illustrates that the
acoustic localization can be achieved in other kinds of bub-
bly weakly compressible media as well as in bubbly gelatin.
Note from Fig. 2 that the resonance frequencies of an indi-
vidual bubble in Agar-gelatin and plastisol are approximately
kr0=0.0145 and 0.015, respectively. As shown in Fig. 5, the
acoustic localization regions of bubbly Agar-gelatin and bub-
bly plastisol are roughly 0.0155�kr0�0.076 and 0.0165
�kr0�0.0765 respectively, slightly above the corresponding
bubble resonance frequencies. It is obvious that the afore-
mentioned features of localizations are qualitatively the same
for different media except for different locations of localiza-
tion regions.

To investigate how the wave propagation is affected as the
bubble volume fraction varies, we plot in Fig. 7�a� the trans-
missions versus frequency kr0 of a particular bubbly weakly
compressible medium for three different volume fractions:
�=10−6, 10−4, and 10−3. The bubble radius r0=1 mm. In Fig.
7, the weakly compressible medium is chosen as gelatin. It is
obvious that the localization region has a tendency to shrink
as the bubbles become more dilute. Compared with the case
of volume fraction �=10−3, the localization region is de-
creased from 0.017�kr0�0.077 to 0.016�kr0�0.032
when the volume fraction is decreased to �=10−4. As the
value of � becomes extremely small, the multiple scattering
effect is severely weaken, hence the localization region tends
to vanishes. For the case of volume fraction �=10−6, signifi-
cant inhibition is barely observable when compared to the
case of �=10−3, and the phenomenon of acoustic localization
is absent. However, the phenomenon of localization appears
as long as the bubble volume fraction is larger than 10−4.

Note also that the lower limit of the localization regions is
decreased from kr0=0.017 to kr0=0.016 and the locations of
the greatest inhibition is also reduced from kr0=0.018 to
kr0=0.017 as the volume fraction varies from �=10−3 to
10−4. Such a small shift in the position of localization region
is due to the fact that the decrease �increase� of � is

FIG. 6. The total transmission versus frequency kr0 for three
different kinds of bubbly weakly compressible media.

FIG. 7. The total transmission versus frequency kr0 of bubbly
gelatin for different bubble volume fractions �a�, bubble numbers
�b�, and bubble sizes �c�, respectively.
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equivalent to the enlargement �reduction� of the average dis-
tance between bubbles.

In fact, any sample of bubbly weakly compressible me-
dium is inevitably finite. Figure 7�b� displays the comparison
of transmissions versus frequency kr0 between three cases of
different sample sizes, i.e., different bubble numbers: N=50,
200, and 500. The bubble radius r0=1 mm and the volume
fraction �=10−3. The results show that acoustic localization
takes effect for a small sample containing only 50 bubbles.
The acoustic waves are localized within the frequency range
between kr0=0.017 and 0.09, and the corresponding severe
localization region is between kr0=0.017 and 0.019, as the
dotted line shows in Fig. 7�b�. When the sample size is in-
creased, more waves within the localization region will be
trapped, and the narrow dip corresponding to the severe lo-
calization region will be widened in result �10�. As illustrated
by the comparison between the three lines in Fig. 7�b�, the
severe localization region is broadened to 0.017�kr0
�0.034 when the bubble number is increased to N=500. A
sample containing 200 bubbles is considered sufficiently
large for studying the phenomenon of localization. In the
following computations, the bubble numbers are thus chosen
as N=200.

The wave propagation in a particular medium is numeri-
cally computed for various bubble sizes, in which the radius
of bubbles ranges from 10 �m to 1 mm. We find that all
results are similar in this wide range of bubble radii. Figure
7�c� illustrates the typical result of the transmission versus
frequency kr0 for three particular bubble radii: r0=10 �m,
0.1 mm, and 1 mm. The bubble volume fraction �=10−3. It
is evident in Fig. 7�c� that the curves of transmission are
almost identical for the three bubble radii, indicating that the
degree of localization in bubbly weakly compressible elastic
media is insensitive to the bubble sizes.

We also examine the spatial distribution of acoustic en-
ergy and plot in Fig. 8 the transmission as a function of
distance from the source at the three particular frequencies
used in Fig. 3. In Fig. 8 we choose the bubble volume frac-
tion �=10−3 and bubble radius r0=1 mm. Figure 8 shows

that inside the bubble cloud, the total energy decays nearly
exponentially along the distance of propagation when local-
ization occurs, while the nonlocalized waves can propagate
through the bubble cloud. Outside the bubble cloud, the
transmissions remain constant in this region as they should.
As a result, the waves are trapped within a spatial domain
adjacent to the source once localized.

Finally a discussion will be made with regard to the in-
fluence of the absorption effects. In Eq. �1� the term
−�r0 /cl� ·d3U /dt3 in fact accounts for the radiation loss that
stems from the weak compressibility of the medium �14,16�.
The incorporation of various kinds of acoustic absorption
such as thermal and viscosity effects amounts to adding a
term �dU /dt into the left-hand side of Eq. �1� �17�. Here � is
a coefficient characterizing the acoustic absorption. In such
cases, the scattering function f given by Eq. �6� can be re-
written as follows:

f =
r0

��0
2/�2 − 1 − ikr0 − i��

, �16�

where � is the damping term that may be manually adjusted
to inspect the sensibility of the results to the absorption ef-
fects.

Note that the scattering function given by Eq. �16� agrees
in form with the scattering function of an air bubble in liquid
with the damping term included �12�. A set of numerical
experiments has been performed to investigate the influence
of the absorption effects. The results show that: �1� The phe-
nomenon of localization is not due to the absorption effects.
This assertion is supported by the results of the present study,
in which the damping term � is set to be zero and the ab-
sorption effects are not taken into consideration. �2� Contrar-
ily, the absorption effects will break the localization. As we
manually increase the coefficient � gradually, the phenom-
enon of localization becomes more difficult to be observed
and eventually vanishes, which is consistent with the features
of localization in a bubbly liquid �8�.

IV. SUMMARY

The propagation of longitudinal acoustic waves in weakly
compressible elastic media containing air bubbles is studied
rigorously by incorporating all multiple scattering effects.
The energy converted into shear wave is numerically proved
negligible as the longitudinal wave is scattered by the
bubbles. Under proper conditions, the acoustic localization
can be achieved in such a class of media in a range of fre-
quency slightly above the resonance frequency. Based on the
analysis of the spatial correlation characteristic of the wave
field, we present a method that helps to discern the phenom-
enon of localization in a unique manner. The features of
localization are qualitatively the same for different media.
The degree of wave trapping effect is sensitive to the

FIG. 8. The transmission as a function of distance from the
source for bubbly gelatin at the three particular frequencies used in
Fig. 3.
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frequency, the sample sizes and the bubble volume fraction,
but relatively insensitive to the bubble sizes. The study of the
spatial distribution of acoustic energy demonstrates that the
localized waves are confined within a spatial domain near the
source. As a result, an exponential decay of the transmission
is observed as localization occurs.
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